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Abstract: This paper deals with the 2D modelisation of an annular induction 
magnetohydrodynamic (MHD) pump using finite volume method in cylindrical 
coordinates and taking into consideration the saturation of the ferromagnetic 
material. The influence of the ferromagnetic rod on the different characteristics, 
in the channel of the MHD pump was studied in the paper. 
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1 Nomenclature 
A– Magnetic vector potential [Tm]; 
B – Magnetic induction [T]; 
D – Electric flux density [C/m
2]; 
J – Electric conduction current density [A/m
2],  ex in =+ JJ J ; 
in J – Induced current density [A/m
2] ; 
ex J – Electrical current density source density [A/m
2] ; 
V – Flow velocity [m/s]; 
F – Electromagnetic force density [N/m
3]; 
σ– Electric conductivity [Ω
-1m
-1]; 
µ – Magnetic permeability [H/m]; 
υ– Kinematic viscosity coefficient [m
2/s]; 
p – The pressure of the fluid; 
(,) rz ξ – Vorticity vector; 
(,) rz ψ – Vector potential hydrodynamic. 
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1 Introduction 
Magnetohydrodynamic (MHD) is the theory of the interaction of 
electrically conducting fluids and electromagnetic fields. Application arises in 
astronomy and geophysics as well as in connection with numerous engineering 
problems, such as liquid metal cooling of nuclear reactors, electromagnetic 
casting of metals, MHD power generation and propulsion [1]. 
The pumping of liquid metal may use an electromagnetic device, which 
induces eddy currents in the metal. These induced currents and their associated 
magnetic field generate the Lorentz force whose effect can be actually the 
pumping of the liquid metal [2, 3]. 
Magnetohydrodynamics is widely applied in various domains, such as 
metallurgical industry, the transport or the pumping of the liquid metals in 
fusion and the marine propulsion [4, 5]. The advantage of these pumps which 
ensure the energy transformation is the absence of moving parts. The interaction 
of moving conducting fluids with electric and magnetic fields allows for a rich 
variety of phenomena associated with electro-fluid-mechanical energy 
conversion [6]. 
In the previous work [7] we studied the 2D electromagnetic phenomena in 
a MHD pump by the finite volume method in harmonic mode. The different 
characteristics of the MHD pump (vector potential, magnetic induction, currents 
density and the electromagnetic force) were obtained in [7]. 
In this work we studied the influence of the ferromagnetic rod in the MHD 
pump using the finite volume method, the vector vorticity ξ and the stream 
function ψ. This formulation facilitates resolving the Navier Stokes’s equations 
easily. 
2  Description of the Induction MHD Pump 
The electromagnetic pump for a liquid metal was considered in the paper. 
A schematic view of the pump is shown in Fig. 1. The liquid metal flows along 
a channel with a cylindrical geometry of annular cross section. A ferromagnetic 
core is placed on the inner and the outer sides of the channel [2]. 
The principle of the MHD pump (Fig.  1) is similar to that of the 
asynchronous motor, i.e. the alimentation of the inductor creates a magnetic 
field  B  sliding with the velocity of synchronism, where electric currents are 
induced in the liquid metal by means of a magnetic field, producing an 
electromagnetic force density  × JB  with the instantaneous field ensuring the 
flows of the fluid [8]. The Analysis of the Influence of the Ferromagnetic Rod… 
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The currents of the windings generate the sliding magnetic field which 
produces a current in the liquid metal. As a consequence a Lorentz force acting 
on the fluid is obtained. 
 
Fig. 1 – Schematic view of the MHD pump. 
 
The MHD pump dimensions and the properties of the mercury are given 
respectively in Tables 1 and 2. 
 
Table 1 
Dimensions of the MHD pump. 
Parameter Values 
Channel’s length  40cm 
Channel’s width  2cm 
Inductor width  20cm 
Inductor length  40cm 
Width of the air-gap  4mm 
 
Table 2 
Fluid properties. 
Parameter Mercury  solution 
Density ρ   33 13.6 10 kg m ⋅  
Electric conductivity σ   6- 1 - 1 1.06 10 m ⋅Ω  
Viscosity υ   -6 2 0.11 10 m s ⋅  
Electrical current density ex J   
62 41 0Am ⋅  N. Bergoug , F.Z. Kadid, R. Abdessemed 
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3  Mathematical Analysis of Electromagnetics and Hydrodynamics 
The Maxwell’s equations applied to a pump give the following equation: 
 
1
rot rot rot ex t
⎛⎞ ∂ ⎛⎞ =− σ − × ⎜⎟ ⎜⎟ μ∂ ⎝⎠ ⎝⎠
A
AJ V A , (1) 
where  ˆ Aθ =θ A  is the magnetic vector potential and  ex exˆ J =θ J  electrical 
current density. V is the velocity of the fluid. 
  The induction magnetic and the electromagnetic force density are given by: 
  rot , = B A  (2) 
  =× F JB . (3) 
Following developments in cylindrical coordinates: if two-dimensional 
(2D) where the current density and the magnetic vector potential are 
perpendicular to the longitudinal section of the MHD pump, the equation 
becomes: 
 
11
ex z
AA A A
JV
z rz r rr rt z
⎛⎞ ⎛⎞ ∂∂∂∂ σ ∂ ∂ ⎛⎞ += − + + ⎜⎟ ⎜⎟ ⎜⎟ ∂μ ∂ ∂μ ∂ ∂ ∂ ⎝⎠ ⎝⎠ ⎝⎠
,  Ar A θ = . (4) 
The equations describing the pumping process in the channel are the 
momentum conservation equation for laminar incompressible flows are  as 
follows: 
  ()
1
grad p
t
∂
+⋅ ∇= − + υ+
∂ ρρ
VF
VV V Δ , (5) 
  div 0 = V , (6) 
where V  stands for vector velocity, p the pressure of the fluid, υ the kinematic 
viscosity of the fluid, F  the Lorentz force density which is given by (3) and ρ 
the fluid density. 
The difficulty is that in the previous equations pressure and velocity are the 
unknown parameters. The elimination of pressure from the equations leads to a 
vorticity-stream function which is one of the most popular methods for solving 
the 2-D incompressible Navier-Stokes equations [8, 12]: 
  rot , = V ξ rot , = V ψ ˆ
θ =ψ θ ψ ,  ˆ
θ =ξ θ ξ , (7) The Analysis of the Influence of the Ferromagnetic Rod… 
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rz VV
zr
θ
∂∂
ξ= −
∂∂
, (8) 
 
1
r V
rz
∂ψ
=−
∂
,  
1
z V
rr
∂ψ
=
∂
,   r θ ψ= ψ . (9) 
Using these new dependent variables, the two momentum equations can be 
combined (thereby eliminating pressure) to give: 
 
22
22 2
1
1
.
rz r
rz
rz r r r
VF F
VV
tr z r rz
θθ θ θ
θθ θ
θ
⎡⎤ ∂ξ ∂ξ ∂ ξ ξ
υ+ + − = ⎢⎥ ∂∂ ∂ ⎣⎦
∂ξ ∂ξ ∂ξ ∂∂ ⎛⎞ =+ + + ξ + − ⎜⎟ ∂∂ ∂ ρ ∂∂ ⎝⎠
 (10) 
An additional equation involving the new dependant variables ξ and ψ can 
be obtained by substituting (8) into (9) which give: 
 
22
22
1
rz r
θ
⎡⎤ ∂ψ ∂ψ
+= − ξ ⎢⎥ ∂∂ ⎣⎦
. (11) 
In order to determine the pressure, it is necessary to solve an additional equation 
which is referred to as he Poisson equation for pressure; the latter is obtained by 
differentiating (5): 
 
22
22 2
2
p
rz r
⎡ ⎤ ρ∂ ψ ∂ ψ
Δ= ⎢ ⎥ ∂∂ ⎣ ⎦
. (12) 
4  Numerical Method and Results 
 
Fig. 2 – Discretisation in finite volume method. 
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The method consists of discretising differential equations by integration on 
finite volumes surrounding the nodes of the grid. 
In this method, each principal node P is surrounded by four nodes N, S, E 
and W located respectively at North, South, East and West (Fig. 2) [11]. 
We integrate the electromagnetic and Navier Stokes equation in the finite 
volume delimited by the surfaces E, W, N and S: 
 
22
22 2
dd
11
dd.
r
rz
zr
zr
zr
V
VV r z
tr z r
FF
rz
rz r r r r z
θθ θ
θ
θθ θ θ
∂ξ ∂ξ ∂ξ ⎡⎤ +++ ξ = ⎢⎥ ∂∂ ∂ ⎣⎦
⎡⎤ ⎡⎤ ∂ξ ∂ξ ∂ ξ ξ ∂∂ ⎛⎞ =υ + + − + − ⎢⎥ ⎢⎥ ⎜⎟ ∂∂ ∂ ρ ∂ ∂ ⎝⎠ ⎣⎦ ⎣⎦
∫∫
∫∫
 (13) 
Finally we obtained the algebraic equation which is written as: 
  PP EE wW NN SS p aaaaad ξ= ξ+ ξ+ ξ+ ξ+ , (14) 
 
0
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aV t r
z
aV t r
z
da r z
=++++
⎛⎞ υυ
=− + + Δ Δ ⎜⎟ ∂ ⎝⎠
⎛⎞ υυ
=− + − Δ Δ ⎜⎟ ∂ ⎝⎠
⎛⎞ υ
=− + Δ Δ ⎜⎟ ∂ ⎝⎠
⎛⎞ υ
=− + Δ Δ ⎜⎟ ∂ ⎝⎠
=Δ Δ
 (15) 
After the resolution of the equation (14) we obtain the matrix in the form: 
  [ ][ ] [ ] MD ξ= , (16) 
where: 
[ ] M : Matrix Coefficients, 
  [ ] ξ : Vector vorticity Matrix, 
 [ ] D : Vector source Matrix. 
The same resolution is done for the electromagnetic equation (4). After 
integration using the finite volume method we obtain the system as: The Analysis of the Influence of the Ferromagnetic Rod… 
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  [ ][ ] [ ] j ex ML J +Α = , (17) 
where: 
[ ] j ML + : Matrix Coefficients, 
         [ ] Α : Vector Potential Matrix, 
       [ ] ex J : Vector source Matrix. 
The Fig. 3 represents the annular MHD pump in the plan (r, z) with the 
boundary conditions. 
 
Fig. 3 – Numerical model of the annular MHD pump. 
 
With the Dirichlet boundary and the Neumann conditions A = 0,  0
A
n
∂
=
∂
 
the resolution is done according to an iterative process. 
The Figs. 5, 6, 7 and 8, represent the equipotential lines with and without 
ferromagnetic rod, the distrbution of the vector potential  A and the magnetic 
induction B  in the MHD pump. 
The Figs. 9 and 10 below represent the variation of the electromagnetic 
force and the velocity in the channel with and without ferromagnetic rod in the 
MHD pump. 
Velocity of the fluid passes through a transitional period and then stabilizes 
as all the electrical machines. It is within that velocity increases as we advance 
in the channel.  
The obtained results are in agreement qualitatively with those obtained by 
[5]. Comparison of the results of velocity with and without ferromagnetic rod 
suggests that velocity of the fluid increases, which is due to the presence of the N. Bergoug , F.Z. Kadid, R. Abdessemed 
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ferromagnetic rod witch allows maximum of the electromagnetic force to propel 
the fluid in the channel. 
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Fig. 4 – Computation algorithm 
 
 
Fig. 5 – Distribution of the magnetic vector potential 
without ferromagnetic rod in the MHD pump. 
 
 
Fig. 6 – Distribution of the magnetic vector potential A. N. Bergoug , F.Z. Kadid, R. Abdessemed 
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Fig. 7 – Magnetic induction in the MHD pump. 
 
Fig. 8 – Distribution of the magnetic vector potential A 
with ferromagnetic rod in the MHD pump. 
 
Fig. 9 – Force electromagnetic distribution without and with 
ferromagnetic rod in the channel of the MHD pump. The Analysis of the Influence of the Ferromagnetic Rod… 
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Fig. 10 – Velocity distribution without and with ferromagnetic 
rod in the channel of the MHD pump. 
5 Conclusion 
The influence of the ferromagnetic rod on different characteristics of the 
induction MHD pump was studied.  
The introduction of the plate allows for reinforcing the magnetic field, 
whereby the current density, electromagnetic force and velocity become 
important in the channel. 
The obtained results confirm the influence of the ferromagnetic rod on the 
velocity distribution in the investigated flow and are in full agreement with 
those carried out by [5] and [6], provided that the results are obtained in 
different working conditions. 
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